where WO is the betatron frequency, R is the machine raTaking the first orthogonal polynomials in the conventional radial mode expansion in the eigenvalue type perturbation approach, the usual Keil-Schnell criteria for the microwave instabilities can be obtained. In this way, a close relationship between the two approaches is established. The existing results are reviewed, and some comments and modifications are made.
INTRODUCTION
A brief review of beam instability analyses shows that its development either belongs to a Vlasov-equation-evolved perturbation approach, or belongs to a Ked-Schnellcriterion type approach. In the first approach, see [I] and the references therein, both azimuthal and radial expansions are used to explore the particle distribution evolutions. Current direction is to include the potential well deformation, see for example [2] , and to include the effect of Landau damping, see for example [3] . The development is unlikely to give rise to analytical solutions that can be easily used. On the other hand, the second approach uses crude beam profile (with an exception for the longitudinal coasting beams) to estimate the instability threshold for both bunched and coasting beams. General results can be found in [4] and the references therein. These results have been proved very useful and often provide guidance to the development and improvement of accelerators. The crude beam profile, however, has certainly imposed limitations in the application.
In this report, we show that the use of the first orthogonal polynomials in the perturbation approach can give rise to identical results obtained by the Keil-Schnell type criteria. This is owing to the fact that, in general, the first orthogonal polynomial represents the most prominent radial mode. In this way, a close relationship between the two approaches is established. Therefore, comments will be made regarding to the limitation and possible error in the applications of the simplified criteria. Some modifications will then be developed, if necessary. In the following, the instability threshold will be obtained by the rule of thumb, which is,
where AR is the coherent frequency shift, and A w is the rms or the half width of half maximum frequency spread.
Bunched Beam
An estimate of the bunched beam instability threshold can be obtained using A;,, (72') M 1 / 2 n in (I),
The criterion given in the equation (5.62) of 141 can be written as.
Using ro = e2/moc2, TO = 27r/wo, W O = ,Bc/R, the equation (5) becomes identical to (4).
For a long bunch with a narrow spectrum, the error of using (4) can be large, mainly owing to the use of hg,,(n') M 1/27r, the peak of the power spectrum. Also the chromatic effect can introduce uncertainties.
For an improved estimate, therefore, we need to use, Substituting (6) into (I), and considering the chromatic effect, we get, 0 A criterion is given in [5] , which can be written as,
where ZL is the full bunch length, and Zz-(n") is the averaged impedance over the width of the bunch spectrum. The summation on the right side of (1) can be approximately taken as, n=-m Substituting (9), using mo = Eo/c2, the equation (1) becomes Which differs from (7) by a factor of 0.5. Using re = z~/ 2 R , we can write, Applying this equation into (1 l), the bunch length Z L is cancelled. Since the information of the bunch length has been represented by the bunch spectrum ho (n') in the numerator of the effective impedance, this triple representation of the bunch length can be seen as redundancy. In comparison, the use of the total effective impedance shown in the left side of (7) seems to be more straightforward. Substituting (12) into (1 l), we get, This differs from (7) by a factor of 1.13.
Coasting Beam
For a coasting beam, the power spectrum of the perturbation is a delta function at a frequency n1 with an amplitude l/%. The equation (l) , therefore, is modified as, then the instability threshold can be estimated as,
The criterion given in the equation (5.91) of [4] is, which is identical to the equation (15).
0 The equation (4) in [5] can be written,
which can be written as,
Taking F = 1, this equation differs from (15), which is less tight, by a factor of 0.64.
LONGITUDINAL INSTABILITY
Using the first orthogonal polynomial, for the m = 1 mode, the longitudinal beam dynamic equation in 11 J becomes, where ws is the synchrotron frequency, and q 5 s is the synchronous phase, V is the RF gap voltage per ring, and Z~( n ) / n is the longitudinal impedance. For a Gaussian distribution with the half bunch length re, the longitudinal weight function is,
Bunched Beam
Using the equations (19) and the approximation, This criterion is indeed very crude, owing to that in arriving (21), the approximation of the Bessel function J1 (nr) x n r / 2 is used, which is only valid in a small range nr < 1.
An improvement to this criterion, therefore, can be made by using, 
Coasting Beam
The Landau damping in the longitudinal coasting beam is the most explored one. Together with the dispersion relation, the stability diagram can be plotted on the real and imaginary impedance plane. Compared with the others, this is the only case that no external focusing presented, therefore, one may expect that this case should be completely different from the others.
The successful application of the coasting beam instability criterion to the bunched beams, i.e. the Boussard criterion, has opened the door to think that at least for the chrotron focusing is not irreplaceable. It is found that using an equivalence and the local current, the bunched beam criteria is closely related with the coasting beam criteria. To establish the relation, using, long bunches andor strong instability, the effect of the syn- 
